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In the present paper, we analyze the properties of the unbalanced superconducting state on a
square lattice with the constant value of the electron-phonon coupling function. We conduct our
analysis in the framework of the Eliashberg formalism, explicitly considering k-dependence of the
electron and phonon dispersion relations. It is found that the balanced superconducting state does
not induce itself in the system due to the high value of the electron effective mass. However,
in the unbalanced case the thermodynamic properties of the superconducting condensate can be
distinctly different from the predictions of the Bardeen-Cooper-Schieffer theory; when the coupling
constant value in the diagonal channel of the self-energy is diminished comparing to the non-diagonal
channel. This is due to the reduced dimensionality of the tested system and the strong-coupling
effects included in the Eliashberg formalism.
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By the unbalanced superconducting state we may un-
derstand the superconducting phase for which the value
of the coupling constant in the diagonal channel of
the self-energy is different from the value of the cou-
pling constant in the Cooper (non-diagonal) channel.
In this context, the unbalanced superconducting state
may occurs in situations when, in addition to the linear
electron-phonon coupling, another interaction is taken
into account. For example, the superconducting state
induced by the electron-phonon interaction and the spin-
fluctuation (paramagnon) scattering has the effective
coupling constant in the diagonal channel (λD) equal to:
λph+λsf (for s-wave and p-wave symmetry), while in the
non-diagonal channel we have: λND = λph−λsf (s-wave
symmetry) or λND = λsf (p-wave symmetry) [1–6]; the
symbols λph and λsf represent the electron-phonon cou-
pling constant and the coupling constant for spin fluctua-
tions, respectively. Note that in the case under considera-
tion λD is always greater than λND, what from a physical
point of view corresponds to the anomalous growth of the
electron effective mass (m⋆e ∼ (1 + λD)me) and the drop
in the critical temperature (Tc) value [7, 8]. Therefore,
an effect which is not desirable from the viewpoint of the
high-Tc superconductivity.
Another case of the unbalanced superconductivity can
be distinguished when the linear electron-phonon inter-
action is complemented by the electron-electron-phonon
interaction resulting from the existence of the strong elec-
tron correlations modeled by the on-site Hubbard repul-
sion [9, 10]. The discussed model can be used to explain
the anomalous dependence of the order parameter on the
∗Electronic address: kamila.szewczyk@ajd.czest.pl
temperature and the origin of the pseudogap. It turns out
that the electron-electron-phonon interaction also leads
to the unbalance of the superconducting state. This un-
balance has complex character because λD depends on
the average number of electrons on the site (〈n〉) accord-
ing to the formula: α0+α1 〈n〉+α2 〈n〉
2
, whereas λND has
the form: α0 + α1 〈n〉, where αi represents respectively
defined coefficients [10]. Note that the explicit depen-
dence of the effective coupling constants λD and λND on
〈n〉 is the direct reason for the suppression of the super-
conducting state near the half-filled electron band; the
term α2 〈n〉
2 becomes dominant, due to the sufficiently
large α2. It is worth emphasizing that this effect is ob-
served in cuprates [11, 12]. Obviously, full understanding
of the properties of the superconducting state in cuprates
requires also consideration of the dependence of the cou-
pling function on the wave vector, which leads to the k-
dependent order parametr [13, 14]. For instance, in the
framework of the Eliashberg formalism, the dependence
of the coupling function on k can be modeled through
the appropriate factorization of the spectral function
[15]: α2F (k,k′, ω) ≃ α2Fs (ω)+α
2Fd (ω)Ψd (k) Ψd (k
′),
where the first term represents weak pairing in the s-
wave channel, and the second one is the pairing in the
d-wave channel - most likely resulting from the existence
of the strong electron correlations. It can be shown that
the inclusion of the anisotropic coupling function leads
to the another unbalance of the superconducting state,
wherein λND > λD due to the different angular average
[15–17].
To our knowledge, the literature of the subject is cur-
rently composed of only one work written by Cappelluti
and Ummarino [18]. Specifically, this study presents sys-
tematic analysis of the unbalanced coupling effects on the
superconducting properties in the three-dimensional sys-
tem with the half-filled electron band. However, therein
the dependence of the order parameter on the wave vec-
tor k is omitted, for the constant value of the electron-
2boson coupling function. In a result, the discussed analy-
sis shows strong increase of the critical temperature value
for λND > λD. Cappelluti and Ummarino also predict
the finite critical value of the electron-boson coupling,
where the superconducting critical temperature diverges
but the zero temperature gap is still finite. However, in
the real systems the finite bandwidth effects remove the
analytical divergence of TC . Moreover, paper [18] suggest
that both the balanced and unbalanced superconducting
state can be induced in the system, where the latter one
presents low value of TC (λND < λD).
In reference to the above, present paper is the next step
towards systematic study of the properties of the unbal-
anced superconducting state. Specifically, as a case study
we choose the superconducting state induced in the two-
dimensional system (the square lattice); a particularly
interesting case which can mimics behavior of the pop-
ular and perspective quasi-two-dimensional systems like
cuprates [11–13]. In our analysis, we assume that the
superconducting state is induced by the linear electron-
phonon interaction [19–21], similarly like in the work of
Cappelluti and Ummarino [18]. However, contrary to
[18], we take into account explicit dependence of the or-
der parameter on the wave vector k, due to the already
mentioned potential importance of k-dependent coupling
function in describing superconducting state in quasi-
two-dimensional materials. Notably, the anisotropy of
the order parameter arises here as a result of employing
explicit forms of both the electronic and phonon disper-
sion relation for the tested system. In our opinion, such
approach, hitherto not considered, may result in reveal-
ing essential qualitative differences when comparing to
the present state of knowledge.
In the present work, discussed study is employed
within the Eliashberg equations, which can be derived
only when analysis of the superconducting condensate is
conducted with the second-order accuracy with respect
to the electron-phonon coupling function (gk,k+q) [22]. It
should be emphasized that the Eliashberg formalism far
exceed the mean-field Bardeen-Cooper-Schrieffer (BCS)
theory [23, 23], most importantly, due to the explicit in-
corporation of the strong-coupling effects in its approach
[7, 8]. In practice, the Eliashberg equations compose
the non-linear system of equations, which allows deter-
mination of the superconducting state order parameter
(∆k (iωn)), as well as, the wave function renormaliza-
tion factor (Zk (iωn)), the band energy shift function
(χk (iωn)), and the chemical potential (µ). Herein, ωn
is the fermion Matsubara frequency given by the expres-
sion: ωn = pi/β (2n− 1), where β = 1/kBT with kB de-
noting the Boltzmann constant. We note that the abso-
lute value of order parameter directly corresponds to the
half-width of energy gap on the Fermi surface. Hereafter,
the wave function renormalization factor determines the
renormalization of the electron band mass (me) by the
electron-phonon interaction. Finally, the χk (iωn) func-
tion renormalizes the electron band energy (εk), where
the electronic dispersion relation for the square lattice
has the form: εk = −2t [cos (kx) + cos (ky)], by taking
into account only nearest neighbor hopping integrals (t).
Herein, the starting point for our analysis is consti-
tuted by the following full set of the Eliashberg equations
which characterize the unbalanced superconducting state
(γ determines the degree of unbalance):
ϕk (iωn) =
1
βN
∑
ωmq
Kkq (ωn − ωm)D
−1
k−q (iωm)ϕk−q (iωm) , (1)
Zk (iωn) = 1 +
γ
βωnN
∑
ωmq
Kkq (ωn − ωm)D
−1
k−q (iωm)ωmZk−q (iωm) , (2)
χk (iωn) =
γ
βN
∑
ωmq
Kkq (ωn − ωm)D
−1
k−q (iωm) [εk−q − µ+ χk−q (iωm)] , (3)
and
〈n〉 = 1−
2
βN
∑
ωmk
(εk − µ+ χk (iωm))D
−1
k (iωm) . (4)
The quantity ϕk (iωn) is known as the order
parameter function, and defined by the ratio:
∆k (iωn) = ϕk (iωn) /Zk (iωn). In equations (1)-
(3) the Kkq (ωn − ωm) function denotes the pairing
3kernel of the electron-phonon interaction:
Kkq (ωn − ωm) = 2gk−q,kgk,k+q
ωq
(ωn − ωm)
2
+ ω2q
, (5)
whereas the phonon dispersion relation for the square
lattice has the form: ωq = ω0
√
2− cos (qx)− cos (qy).
In the present paper, we adopt gk,k′ ≃ g. In the
case of the square lattice, our assumption is justified
by the results presented in [24], where it is shown that
the electron-phonon coupling function is characterized
by the small anisotropy. Note that the relevance of
the gk,k′ anisotropy should be resolved individually for
each analyzed superconducting material. For example,
anisotropy of the electron-phonon interaction for the su-
perconducting phase of niobium is negligible [25, 26],
whereas it has fundamental importance for the proper
description of the superconducting state in magnesium
diboride (MgB2) [27–30]. To this end, in the Eliashberg
equations (1)-(3) the following substitution is introduced
for the clarity of notation: Dk (iωn) = (ωnZk (iωn))
2 +
(εk − µ+ χk (iωn))
2
+ (ϕk (iωn))
2
.
The Eliashberg equations in the general form are too
complex to be numerically solved at the sufficiently dense
grid of the wave vector k or q (in our caseM×M , where
M = 500). The problem is that the number of the Eliash-
berg equations is equal to the number of the wave vector
grid points multiplied by the Matsubara frequency num-
ber (typically several hundred frequencies [31, 32]). For
this reason, we took into account Eliashberg equations
independent of the Matsubara frequency, but we do not
impose the specific dependence of the solutions on the
wave vector. In particular, we use the following approx-
imations: (i) ϕk (iωn) ≃ ϕk (iωn=1) = ϕk, Zk (iωn) ≃
Zk (iωn=1) = Zk, and χk (iωn) ≃ χk (iωn=1) = χk. (ii)
We bring up the general Eliashberg equations to the form
that the summation can be done:
1
β
∑
ωm
[
1
Ek − iωm
+
1
Ek + iωm
]
= tanh
(
βEk
2
)
. (6)
If a given equation contains ωm frequency term, it impos-
sible to calculate the sum (6), therefore we approximate
it in the standard way: ωm ≃ ωm=1 = pi/β. (iii) In
the same manner, we simplify the pairing kernel of the
electron-phonon interaction: Kkq (ωn − ωm) ≃ 2g
2/ωq.
Note that the above approximations implies that the cal-
culated critical temperature is higher than if we were
determining TC with the help of the general Eliashberg
equations [7]. Nonetheless, this fact does not affect the
basic results presented in this paper. Finally, the Eliash-
berg equations take the form:
ϕk =
2g2
M
∑
q
1
ωq
ϕk−q
Z2k−q
S (Ek−q) , (7)
Zk = 1 + γ
2g2
M
∑
q
1
ωqZk−q
S (Ek−q) , (8)
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FIG. 1: The γC dependence on the average number of elec-
trons per site. The selected values of g and T = T0 =
8.62 · 10−8 t are adopted. Two gray lines represent sets of
γ1 and γ2 values, for which the thermodynamic properties of
the superconducting state are studied.
χk = −γ
2g2
M
∑
q
1
ωq
χk−q + εk−q − µ
Z2k−q
S (Ek−q) , (9)
〈n〉 = 1−
2
M
∑
k
χk + εk − µ
Z2k
S (Ek) , (10)
where:
Ek =
√(
χk + εk − µ
Zk
)2
+
(
ϕk
Zk
)2
, (11)
and
S (Ek) =
tanh
(
βEk
2
)
2Ek
. (12)
In the present paper, we also consider the average val-
ues of the Eliashberg solutions: 〈∆〉 = 1
M
∑
k(ϕk/Zk),
〈Z〉 = 1
M
∑
k Zk, and 〈χ〉 =
1
M
∑
k χk.
Numerical calculations are carried out assuming the
following values of the input parameters: ω0 = 0.15t and
g ∈ {0.5t, t, 1.5t}. Fig. 1 presents the most important
result of the paper. Specifically, in the balanced case
(γ = 1), the linear electron-phonon interaction is not
able to induce the superconducting state on the square
lattice for any value of the electron number density. In
particular, Fig. 1 shows the plot of the critical value of
the unbalance parameter on 〈n〉 for the minimum temper-
ature T0 equal to 8.62 ·10
−8 t. By the critical value of the
unbalance parameter, we understand such value of γ for
which the superconducting state vanishes in the system
(for γ ≥ γC). On the basis of the presented data, it is true
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FIG. 2: (a) Average values of the order parameter, (b) the wave function renormalization factor, and (c) the band energy shift
function as a function of the electron number density. The results are obtained for γ = γ1 and γ = γ2, when adopting that
g = t and T = T0.
that this value increases with the electron number den-
sity, and reaches the maximum for the half-filled electron
band. Nevertheless γC is always less than one, and that
is regardless of adopted g. Note that the disappearance
of the superconducting state for γ ≥ γC is caused primar-
ily by the too large electron effective mass (m⋆e) directly
related to the value of the wave function renormalization
factor: m⋆e = 〈Z〉me. It should be emphasized that the
presented results can only be obtained when the Eliash-
berg equations are solved in the self-consistent manner in
relation to k. Note that when the self-consistent method
of analysis is omitted it leads to the significant overesti-
mation of TC , which implies the induction of the super-
conducting state also in the balanced case (classic van
Hove scenario) [33–37].
Since the thermodynamic properties of the unbalanced
superconducting state strongly depend on the adopted
relation between the unbalance parameter and the elec-
tron number density, in the present paper, we consider
the two most natural cases of such relation. At first,
we assume that the unbalance parameter is equal to
the half of γC value for the half-filled electron band
(γ1 = 0.5 [γC ]〈n〉=1). In the second case, we consider that
the unbalance parameter depends on 〈n〉 and is equal to
the half of the value of γC , which corresponds to the given
bandwidth (γ2 = 0.5 [γC ]〈n〉) - see also grey lines in Fig.
1. The first case resembles the situation in which the un-
balance is relatively strong, and is more destructive to the
superconducting phase when the filling of electron band
becomes smaller. It is worth noting that in the consid-
ered situation the superconducting state will disappear
for 〈n〉 = 0.418. In the second case, the unbalance pa-
rameter γ2 is always below γC and basically reproduces
its dependence on 〈n〉.
Fig. 2 presents the influence of the electron number
density on the solutions of the Eliashberg equations av-
eraged over the wave vector. It can be observed that in
the first case (γ = γ1) the behavior of the thermodynamic
functions is typical. In particular, the order parameter
has the maximum for the half-filled electron band. On
the other hand, the case γ = γ2 gives completely non-
standard dependence of the order parameter on 〈n〉, with
the maximum at 〈n〉 ∼ 0.5. Physically this means that
the explicit dependence of the unbalance parameter on
the electron number density can lead to the non-classical
phase diagram for the superconducting state.
The linear electron-phonon interaction cannot lead
to the induction of the superconducting state with the
strong anisotropy, e.g. d-wave [13]. Nevertheless, the de-
pendence of the order parameter on the wave vector can
be significant, causing the ∆k function to be inhomoge-
neous in the momentum space. This interesting fact was
illustrated in Fig. 3 by plotting the exemplary values of
the order parameter as a function of k. It can be seen
that the order parameter has particularly high hetero-
geneity for 〈n〉 = 0.5. It should be also emphasized that
functions Zk and χk are also heterogeneous.
In the last step, we examined the dependence of the av-
eraged solutions of the Eliashberg equations on the tem-
perature. As expected, only the order parameter shows
strong temperature dependence, what characterizes the
phase transition of the second order. However, this de-
pendence may differ from the predictions of the classical
BCS theory (see Fig. 4). Let us remind that in the mean-
field BCS model, it was obtained that [38]:
∆ (T ) = ∆ (0)
√
1−
(
T
TC
)Γ
, (13)
while R∆ = 2∆(0) /kBTC = 3.53 and Γ = 3. It is note-
worthy that for the functional behavior presented in Fig.
4 (a) the ratio R∆ equals to 4.23 and Γ = 4.1, while
the results from Fig. 4 (b) give R∆ = 4.86 and Γ = 6.
Increase in the value of the R∆ parameter in relation
to the canonical BCS value, associated with the reduced
dimensionality of the tested system, equals ∼ 0.5 at its
maximum [39]. Other contributions to R∆ result from
5FIG. 3: The order parameter for the four selected values of 〈n〉. It was adopted that g = t, T = T0, and γ = γ2. The equations
were solved for the M ×M lattice, where M = 500. Note that the higher values of M do not cause the change in the value of
〈∆〉.
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FIG. 4: The dependence of the averaged solutions of the Eliashberg equations on the temperature (g = t). The results were
obtained within assumption: γ = γ2, for 〈n〉 = 0.9 and 〈n〉 = 0.5. The black spheres correspond to the BCS theory [38].
6the strong-coupling effects included in the Eliashberg for-
malism [7, 8, 40].
In summary, we have shown that the linear electron-
phonon interaction with the constant value of the cou-
pling function is not able to induce the superconduct-
ing state on the square lattice. From the physical point
of view, this fact occurs due to the excessive value of
the electron effective mass. The obtained result does
not mean that,during the analysis of the superconduct-
ing state in two-dimensional systems, the interaction of
electrons and phonons can be omitted. On the contrary,
it should be analyzed together with the other types of
interactions (e.g. with the strong electron correlations
[41]), which can lead to various coupling constants in
the diagonal and non-diagonal channel of the self-energy.
As a consequence, the unbalanced superconducting state
may be induced, the properties of which will also depend
on the electron-phonon coupling. However, in the case
of the square lattice the thermodynamic parameters of
the superconducting state are predominantly determined
by the averaged electron-phonon coupling over the Fermi
surface (gk,k′ ≃ q) [24]. We think that the present re-
sult open an interesting routes towards novel research
on the high-TC superconducting materials like cuprates,
where the total pairing, resulting from the two competing
interactions (pure electron correlations and the electron-
phonon coupling), is required to induce the unbalanced
superconducting phase.
Moreover, during presented analysis, we have shown
that the explicit dependence of the unbalanced parame-
ter on the electron number density may lead to the non-
classical phase diagram ∆-〈n〉. Next, based on the self-
consistent analysis of the Eliashberg equations with re-
spect to k, we have shown that the functions ∆k, Zk, and
χk can be characterized by the significant heterogeneity
in the momentum space. This fact is often overlooked in
the considerations related to the superconducting state
induced by the linear electron-phonon interaction. In our
opinion, it may be particularly important in the situa-
tions where the vertex corrections to the electron-phonon
interaction are significant [42–45], because their impor-
tance is determined by the momentum dependence of ∆k,
Zk, and χk.
In the last part of the paper, we drew the reader’s
attention to the fact that the dependence of the order
parameter on temperature for the unbalanced supercon-
ducting state may drastically differ from the predictions
of classic BCS theory. This fact results from the reduced
dimensionality of the considered system and the strong-
coupling effects.
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